LOW-REGULARITY SCHRODINGER MAPS, II: GLOBAL 
WELL-POSEDNESS IN DIMENSIONS d>3 

ALEXANDRU D. lONESCU AND CARLOS E. KENIG 

Abstract. In dimensions d > 3, we prove that the Schrodinger map initial- 
value problem 

J dts = sx A^s on R'^ x M; 
\ s(0) = so 

is globally well-posed for small data sq in the critical Besov spaces 

g eS2. 
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1. Introduction 
We consider the Schrodinger map initial-yalue problem 



d^s = s X AtS on 



X 



s(0) = So, 



where d> 3 and s : 



x. 



is a continuous function. The Schrodinger 



map equation has a rich geometric structure and arises naturally in a number of 
different ways; we refer the reader to ^H] or 9\ for details. In this paper, which 
is a continuation of our earlier work [S], we proye a global well-posedness result 



The first author was supported in part by an NSF grant and a Packard fellowship. The 
second author was supported in part by an NSF grant. 
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for the initial-value problem (jl.lj) for small data in the critical Besov spaces 
B^\R'^;S'^) defined below. 

Let CiR"^) = {/ : R'^ ^ C : / is continuous and bounded}. For a > d/2 we 
define the Besov-type spaces^ 

N 

= B-(R'^) ={0 e C{R') : <P = lim V J'r'[J'(^d)<P ■ V^k\0] and 

k=-N 

where and J-'^^^ denote the Fourier transform and the inverse Fourier trans- 
form on iS'(M'^), and {vlf^}k& is a smooth partition of 1 with rj^^^ supported in 
the set e M"* : \^\ G [2^~^ , 2^~^^]} (see sectionElfor precise definitions). Let 

= fi°°(M^) = Pi B''{R'^) with the induced metric. 

a>d/2 

For a G [d/2,oo] and Q = {Qi,Q2iQz) £ we define the complete metric 
spaces 

B'^QiR"-^^) = {f:R''^R^: \f\x)\ = 1 and fi - Qi E B'' for / = 1,2,3}, (1.2) 
with the induced distance 

3 

d-U,9) = Y.\\f^-9i\\B^- (1-3) 

1=1 

For g G §2 let /q(x) = Q, fg e H^{R'^;E>'^). For any metric space X, 
X E X, and r > let Bx{x,r) denote the open ball {y E X : d{x,y) < r}. 
Let Z+ = {0, 1, . . .}. Our main theorem concerns global well-posedness of the 
initial-value problem (HH)) for small data sq G B'^'^{R'^;S'^), Q G 

Theorem 1.1. (a) Assume d > 3 and Q G Then there are numbers < 
eo G (0, oo) with the property that for any sq G BqiW^; S^) fl B^d/2^^a,^2^{fQ, e^) 

there is a unique solution 

s = S^iso) G C(M : B^iR'-^S') H i?^./.(^,^^,^(/Q, eo)) 

of the initial-value problem fll.l|) . 

^For a > d/2 one may replace the space B"^ with B'^^^HH'^ throughout the paper (only minor 
changes would be needed in section|2Il, where H'^ is the usual homogeneous Sobolev space. We 
use the Besov spaces 3°^ to measure higher smoothness of functions mostly for simplicity of 
notation. 
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(b) In addition, we have the Lipschitz bound 

snpd''/\S^{so){t),S^{s',m <C-d'/'{so,s',) (1.4) 

for any Sq, s'q E 5g=(R'^; S^) n B^d/2^^^,^^^{fQ, cq). Thus the mapping Sq S^{so) 
extends uniquely to a Lipschitz mapping 

^'^'^ • ^B^/2(^,.g2)(/Q,eo) C(M : S^d/2(^rf.g2)(/Q,eo)). 

Theorem 11.11 appears to be the first low-regularity global well-posedness result 
for the Schrodinger map initial-value problem. Its direct analogue in the setting 
of wave maps is the work of Tataru |2S| (see also [lUl, [121, El, EH, E2> dl, 
|18j . and |2S] for other local and global well-posedness theorems for wave maps). 

The initial-value problem ()1.1|) has been studied extensively (also in the case 
in which the sphere §^ is replaced by more general targets). It is known that 
sufficiently smooth solutions exist locally in time, even for large data (see, for 
example, [12], [2|, [Hj, [H] and the references therein). Such theorems for 
(local in time) smooth solutions are proved using variants of the energy method. 
For low-regularity data, the energy method cannot be applied, and the initial- 
value problem (jl.ip has been studied indirectly using the "modified Schrodinger 
map equation" (see, for example, [TH], [IS], [H], and [7]). While existence and 
uniqueness theorems for this modified Schrodinger map equation in certain low- 
regularity spaces are known (at least in dimension c? = 2), it is not clear whether 
such theorems can be transfered to the original Schrodinger map initial-value 
problem (see, however, [[TTI). 

In , the authors proved local well-posedness of the initial- value problem p.l|) 
for small data in the natural Sobolev spaces Hq{W^\ §^), a > {d + l)/2. This was 
achieved by reducing the initial-value problem ()1.1|) to the nonlinear Schrodinger 
equation ()1.6|) below^, and by analyzing the resulting equation using a direct 
perturbative argument. We follow the same approach in this paper. At about 
the same time and independently, Bejenaru |T] proved local well-posedness of the 
initial-value problem ()1.6p for small data in the Sobolev spaces H" , for a in the 
full subcritical range a > d/2. The resolution spaces used by Bejenaru |T] appear 
to be very different from the spaces used by us in [5^ and in this paper. To reach 
the full subcritical range, Bejenaru noticed, apparently for the first time in the 
setting of Schrodinger maps, that the gradient part of the nonlinearity in ()1.6|) 
has a certain null structure (similar to the null structure of the wave maps). We 
exploit this null structure through the identity ()3.14p . 



Using the stereographic projection, such a reduction is possible due to the fact that the 
solutions take values only in a small part of the sphere; the models and H1.6I) are certainly 
not equivalent without such a smallness assumption. 
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Theorem 11.11 can be restated using the stereographic projection. By rotation 
invariance, we may assume 

g = (0,0,1). (1.5) 

Assume e > is small enough. For / = (/i, /2, /s) G B^d/2^^a.s2){fQ, e) let 

Clearly, L{f) : M*^ — > C is continuous and takes values in a small neighborhood 
of 0. For g G B^d/2{0, e) we define 

f = (fuk, h) = L(g) = (f±4, t^^, . 

^^ + 99 ^ + 99 ^ + 99^ 

Clearly, L{g) : M*^ — > §^ is continuous and takes values in a small neighborhood 
of Q. A direct computation shows that u : M.'^ —>■ {z E C : \z\ < 1} is a. smooth 
solution of the equation 



idt + A^)u = ^_ y^(d, 
1 + uu ^-^ 



if and only if the function s : M"^ ^ fl {(a:i, a;2, Xs) G : X3 > 0}, sit) = 
L{u{t)), is a smooth solution of the Schrodinger map equation 

dts = sx A,^s on R'^ x M. 

Since B'^, a G [d/2, 00) are Banach algebras, in the sense that 

<CJ\\ 

for any cr G [d/2, 00) and -u, f G B"^, for Theorem II. II it suffices to prove Theorem 
O below. 

Theorem 1.2. (a) Assume d > 3. Then there are numbers ei < ei G (0, 00) with 
the property that for any G B°° fl -B^d/2(0, ei) there is a unique solution 

u = S^{(j)) G C(M : B^ n 5^^/2(0, ei)) 
0/ i/ie initial-value problem 



[idt + A,.)m = 2m(1 + uu)-^ Eti(^-.«)' 0^ - n 6^ 

m(0) = 0. ^ ■ ^ 

/n addition, we have the Lipschitz bound 

sup \\S°^mt) - 5°°(0')(t)llB^/^ < C||0 - (1.7) 



X 
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for any 0, 0' G i?°°n-B^d/2(0, ei). Thus the mapping (p — * 5'°°(0) extends uniquely 
to a Lipschitz mapping 

By scale invariance, it suffices to construct the solution u = S°°{(j)) on the time 
interval [—1,1] and prove the Lipschitz bound ()1.7|) for t G [—1, 1]. The resolution 
spaces we construct in section |21 are adapted to this restriction in time. This 
restriction creates a somewhat artificial distinction between frequencies that are 
< 1 and frequencies that are > 1. The benefit of this time restriction, however, 
is that the denominators in formulas such as (j2.13|) and (j2.31|) (and in many 
other places) do not vanish, and all of our integrals are absolutely convergent (in 
particular, changes of order of integration are justified). The direct use of scale- 
invariant spaces would lead to denominators such as r + and the integrals 
containing such denominators would not converge absolutely. 

The rest of the paper is organized as follows: in section El we define our main 
(dyadic) resolution spaces and establish some of their basic properties. These 
spaces are minor modifications of the resolution spaces already used by the au- 
thors in jH] (see also [4 for the one- dimensional analogues of these resolution 
spaces) . In section |21 we give the main argument that proves Theorem II. 2| the 
main ingredients in our perturbative argument are the four nonlinear estimates 
()3.8p . ()3.9|) . ()3.10|) . and ()3.12|) . In the remaining sections we prove these four non- 
linear estimates. The key ingredients in these proofs are the scale-invariant L'^',°° 
(maximal function) estimate in Lemma 14.11 and the scale-invariant L'^'^ (local 
smoothing) estimate in Lemma (4.21 These two estimates have been used before 
by the authors in j3] and The maximal function bound fails (logarithmically) 
in dimension d = 2, which is the main reason why we need to assume d > 3. 

We would like to thank Bejenaru for making his preprint |Tj available to us. 

2. Notation and preliminary lemmas 

In this section we summarize most of the notation, define our main normed 
spaces,^ and prove some of their basic properties. Let and denote the 
Fourier transform and the inverse Fourier transform operators on iS'(M'^"'"^). For 
/ = 1, . . . , c? let and J-'^^ denote the Fourier transform and the inverse Fourier 

transform operators on iS'(R'). 

We fix r^o : IR ^ [0, 1] a smooth even function supported in the set {yU G M : 
< 8/5} and equal to 1 in the set {/U G M : < 5/4}. Then we define 
r7,-:M->[0,l],j = l,2,..., 

vAf^) = rioif^m - r7o(/i/2^-^), (2.1) 

"'it is likely that only minor changes would be needed to guarantee that all of our normed 
spaces are in fact Banach spaces. We do not need this, however, since the limiting argument in 
the construction of solutions takes place in the Banach space C(IR : B^^'^). 



ALEXANDRU D. lONESCU AND CARLOS E. KENIG 



and r]f^ : M'^ ^ [0, 1], G Z, 

rit\0-r^mi'2')-riomi'2'-'). (2.2) 

For ji, j2 £ Z, we also define ?7[jij2] = Sji<j'<j2 ^i' (^i^li the conventions ?7[jij2] = 
if ji > j2 and 77^- = if j < -1), 7]f{^i) = 7?j(//) • l[o,oo)(±/^), Vy^,j^]{l^) = 
%i,i2](/^) ■ l[0,oo)(±/i), %i = ^?[o,i], V>j = 1 - 

For A; e Z let ^ = e M'^ : |e| e p'^-i, 2'=+^]}; for j E Z+ let J^- = {/x G R : 
1/^1 e [2^-S 2^+1]} if J > 1 and = [-2, 2] if j = 0. For keZ and j G Z+ let 

^fej = {(e, r) e M'^ X M : e e and |t + \^\^\ e /,} and Dk,<j = [j Dk,f. 

0<j'<j 

For /c G Z we define first the normed spaces 

Xk = {f e L2(M°'xM) : / supported in /^'^^ x R and 

°° f2 3) 

= J]2^-/2^,,|h,(r+|Cr)-/||L^<oo}, ^ ■ ^ 

J=0 



where, with k+ — max{k, 0), 



A,, = l + 2(^'-2'=+)/^ 



(2.4) 



The spaces are not sufficient for our estimates, due to various logarithmic 
divergences. For any vector e e let 

Pe = e : e ■ e = 0} 

with the induced Euclidean measure. For p,q G [1, cxo] we define the normed 
spaces LP'i = LP'^iM.'^ x R), 



2/Tnid 



\f{re + v,t)\Uvdt 



PeXl 



p/q 



dr 



< 00}. 



(2.5) 



For k > 100, j G Z+ and A;' G [1, A; + 1] n Z let 

^g' = {(e,r)GD,,:e-eG4.n[0,oo)}andD,^;|;.= (J Dg'. 

o<j'<j 

For A; > 100, k' G [1, A; + 1] fl Z, and e G S*^"^, we define the normed spaces 



y^'' = {/ e ^'(K' X : / supported in L>^;^2fe+io and 



-2 /Tad 



e,k' 



where 



= 2-'='/2^,,,, . ||^-^[(r + + i) . /] < 00}, 



(2.6) 
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For k > 100 and e G S"'^^, we define the normed spaces 

Y: = {fE L^R'' X R) : / supported in U^t\ Dl:<2k+io and 

^ (2.7) 

k'=l 

For simplicity of notation, we also define = {0} for k < 99. 

We fix L = L{d) large and ei, . . . , G S'^^^, 7^ e^/ if / 7^ Z', such that 

for any e G S"'"^ there is / G {1, . . . , L} such that |e - e^] < 2"^°°. (2.8) 

We assume in addition that if e G {ei, . . . , e^,} then — e G {ei, . . . , e^,}. For A; G Z 
we define the normed spaces 

Zk = Xk + Y;^' + ... + Y^K (2.9) 

The spaces Zk are our main normed spaces. 

We prove now several estimates. In view of the definitions, if m G L°°(R'^), 
J^(-J(m) G Li(M^), and / G Zk, then m(0 ■ f e Zk and 

\\m{0 ■ fWz, < C||J-r,|(m)|U.(M.) ■ ll/IU,. (2.10) 



We show first that the spaces Zk are logarithmic modifications of the spaces Xk- 

Lemma 2.1. If k eTj, j E Z_|_ and f E Zk then 

\\f-m{r+m\U,<C\\fh,. (2.11) 

Proof of Lemma \2.1\ Clearly, we may assume k > 100 and / = /^''^' G Yfc^ for 
some e G {ei, . . . , e^} and k' G [1, A; + 1] fl Z. Let 

h{x,t) = 2-'='/2^-i[(r+ ler + z) ■r''='](x,t). (2.12) 

Thus 

In view of the definitions, for ()2.11|) it suffices to prove the stronger bound 

2^'/22-./2||i^^^^,(^,^) .^(/,)|| < c\\h\\,.. (2.14) 

k.j 

for any j < 2A; + 11. We write ^ = C,ie + C,', x = XiS + x', Xi,^i G M, x', ^' G Pe- 
Let 

h'{xi,^', r)= f h{xie + x', t)e-'("'-«'+*") dx'dt. 
By Plancherel theorem, 
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Thus, for ()2.14j) . it suffices to prove that 



<Cmm(l,2^'-^-/2).||/,/|| . 

■^1 £ .T 



(2.15) 



This follows easily since for any (^', r) e Pe x 1^ the measure of the set {^i : |^i| 
2^', k + '^i^ + I'^'PI < 2^'^^} is bounded by Cmin(2'=', 2^"'^'). 



□ 



The implicit gain of 7^,^' in the bound ()2.15|1 shows that Y^'^ ^ if k' < 
9fc/10. Let Tfc = [9A;/10, /c + 1] fl Z. In view of the definitions, if f & Zk then we 
can write 



/ = E fi'j + E E f'"'''\ 9j supported in Dkj, f"'^' supported in D^'J 

jez+ fc'eTfe 1=1 

E 2^V2^,,||^7,||,.+ E Elir'^'IL..^' <2||/IU,. 



<2fc+10' 



k'£Tk 1=1 



(2.16) 



This is our main atomic decomposition of functions in Z^- 
In addition, the bound p.l5|l shows that if A; G Z and 

/ is supported in ijf^ x Rn {{^,t) : ^ ■ e > 2^^^^} for some e G 

then, for any j > 0, 

11/ ■ ri,{r+m\z, < C2-'=/^||^-^[(r + + 2) ■ /]||^... (2.17) 

We prove now L'^L^ and L'^^ estimates. 

Lemma 2.2. If k e Z, t eM, and f e Zk then 

sup||.F-i(/)(.,t)|U. <C||/|U,. 

Thus 

ll-^-^(/)IU,-, <C2*/2||/IU,. 

Proof of Lemma \2. S\ By Plancherel theorem it suffices to prove that 



f{^,T)e''^dT 



< C 



We use the representation p.l6|) . Assume ffist that f = gj. Then 
g,{^,T)e^'^dr < C7||^,.(e, r)||^.^. < C2^-/2||^^.||^,^^ 

which proves ()2.2()|1 in this case. This inequality also shows that 



(2.18) 
(2.19) 

(2.20) 

(2.21) 
(2.22) 
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Assume now that k > 100 and / = Z'^'^' G Y^'''' , e G {ei, . . . , e^}, k' G T^. We 
have to prove that 



r''i^,T)e^'^dT <C\\f 



lye 



(2.23) 



We define the function h as in ()2.12|) . In view of ()2.15|) . 

\\v>2k'~,9{r+m ■ r-'-'lU, < C\\r'''\\^..y. (2.24) 

' k 

Since the bound (|2.23|) was aheady proved for functions in Xj. (see (12.211) ). for 
()2.23|) it suffices to prove the stronger bound 



lye 



(2.25) 



We use the formula (ITT!?ll . and write ^ = + f , G M, ^' G P^. For (IT^ it 

suffices to prove that 

%2fc'-50(7- + 



2^72 



^(/^)(e,r)-e^*-dr , <C||/.|U 



r2 



for any t G M. As in Lemma 12. H for ()2.26|) it suffices to prove that 



(2.26) 



h\i\T) ■ e''^ dr <C\\h'\\L. 



f 2 



for any t G M and h' G L^{Pe x IR)- We may assume t = and let 

h'\i\^^)= ! ^^"'-"^" + ^^ /.-(r,r)rfr. 
Jr t + /i + « 

In view of the boundedness of the Hilbert transform on L^(]R), \\h"\ 
C\\h'\\i2 . Thus, for ()2.27p . it suffices to prove that 

2''/'ll^'-i,.'+i](ei)-/^"(e',e? + ief)llL2 <C\\h"\\,. , 
which follows easily by changes of variables. 

We consider now the action of multipliers of the form m^j{T + |^P). 



(2.27) 



q, < 



□ 



Lemma 2.3. Assume m : W ^ C is a smooth function supported in the interval 
[-2,2] and letm<j{fi) = m{fi/2^), j G Z+. If k > 100, k' G Tk, j G [0,2A;'-80]n 
Z, e G S*^"^, and f is supported in ijf^ x M then 

\\J'-'[m<jir +m-f- vU^ ■ e)]\\,u. < C\\J^-\f)\\,^.. (2.28) 

Thus, z/ G Z, j G and f E then 

\\v<Ar+m-f\\z,<c\\f\\z,. 



(2.29) 
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Proof. We write as before ^ = ^ie + ^', x = xie + x', xi,^i G M, x',C,' € Pe- Using 
Plancherel theorem, it suffices to prove that 

r/<2.+io(r+|e?) /e^"^«^m<,(r+|rP + ei)-%^(6)rf6 , < C. (2.30) 



In view of the restriction j < 2k' — 80, we may assume that the supremum in 
(^',r) in is taken over the set {(^',r) : -r - l^f e [22^='-™, 22'='+!°]}. Let 

M = M(^', r) = (-r - |^'^^/^ M ^2^' . By integration by parts 

2j-k' 



< C 



l + (2J-'='xi^2' 



if M ^ 2^\ which gives (jT!?ni) . 

The inequahty ^^TM follows from (jT^ and (ITTHl) . □ 

We conclude this section with a representation formula for functions in Y^'^ . 

Lemma 2.4. If k > 100, A;' G T^, e e {ei, . . . , e^}, and f G Y^'" then we can 
write 

r'^'(eie + r,r)=r/+_,,,^y(M) 

" ^,-M + z/2^' 7/ + 
where ^i, r G M, ^' G Pe; ^ is supported m M x S*^;./, 

5-^, = {(^',r) G Pe X M : -r - G [2''''-^\2''''+^^] and \^'\ < 2'=+^}, (2.32) 
M = M{i',T) = {-r-\ifYl\ and 

\\g\\x, + \\h\\LlLl < {Chk,k') ■ lir-^'ll^e,.'. (2.33) 

Proof of Lemma \2.J\ Let 

/i'(a;,t) = 2-'='/2^-i[(r + leP + z) ■ r''='](x,t), 

so 



r'^'(6e + ^',r) = r/+_,^,,^,j(6) ■ l[o,2^+i](|e'l) • 7T^-^(^')(6e + e', 



r ; 



^'IL-<(C/7fc,.')-|ir'''llye..'. 

(2.34) 

Let 

h"{yi,i\ r)= [ h'{y,e + y\ t)e~^^y'<'+'^^ dy'dt. 



As in Lemma ITT] fsee (EHH)), 

iir/>2fc'-79(r +e') ■ r'^'iu, < (^^/7M') • iir'Hye.'. 
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Thus it remains to write %2fc'-8o(T + " f'^'''' as in (j2.3ip . Using (j2.34p 

(2.35) 

Clearly, we may assume that h" is supported in M x S*^ Let M = (— r — \C\'^Y^'^ 
and approximate 

, (2.36) 
= V-i,fc'+i](^) ■ 1[o,2'=+m(I^ I) ■ ^^_^^,/2fe' ■ ^ + ^(^'^ '^)' 
where, with ^ = - M^\ + 1 = \t + \^\^\ + 1, 

V< 2k'{f^) fJJ_ 

We substitute ()2.36|) into ()2.35|) and notice that the error term corresponding 
to E{^i,^',t) can be bounded in (as in Lemma 12.11) . The main term in the 
right-hand side of ()2.36|) leads to the representation ()2.31|) . with 



□ 

3. Proof of Theorem 11.21 
For a > d/2 we define the normed spaces 
F'^ = {u e C{R : B^) : = ^ max(2'^^/2^ 2'^'=) ■ 117^^(0 ■ ^(m)|U, < oo}, 

(3.1) 

and 

= {ue C{R : 5°°) : 
\\uU. = 5^max(2*/^2'^'=) ■ \\r^f{0 " {r + \^\' + z)-' ■ J^{u)\\z, < oo}. (^.2) 

For e B°° let W(t)(f) e C{R : B°°) denote the solution of the free Schrodinger 
evolution. Assume : M ^ [0, 1] is an even smooth function supported in the 
interval [—8/5, 8/5] and equal to 1 in the interval [—5/4, 5/4]. We prove first two 
linear estimates. 

Lemma 3.1. If a > d/2 and (f) e B°° then ipH) ■ [W{t)(l)] G and 

\\m-[wm\\F^<cms^. 
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Proof of Lemma \H.l\ A straightforward computation shows that 

:F[m ■ {w{t)4>)m r) = ■ ^(1) w(r + ler). 

Then, directly from the definitions, 



< 



J] max(2'^'=/^ 2^^^) ) (0^(,) (0) (0^(1) (^) (r + le p 



< C J]max(2^^/^2'^'=)hf (0 •^(.)(0)(e)l|L^ 
fcez 



as desired. 



□ 



Lemma 3.2. If a > and u e N" then i){t) ■ /* W{t - s){u{s)) ds G F'^ and 



ij{t)- / W{t- s){u{s))ds 



< C\\u\ 



■m- I W(t-s)(u(s))ds\((,T) = 



Proof of Lemma \3. M A straightforward computation shows that 



where, for simphcity of notation, ip = ^-"(1) (■?/') . For k & Z let 
/.(e, r') = r') ■ r/f (0 ■ (r' + + 

For / G Zfc let 



nfmr)= /(e,r') 



In view of the definitions, it suffices to prove that 

ll^lUfe^Zfc ^ C uniformly in k & Z. 



r' + \^\' + t)dT'. (3.3) 



(3.4) 



To prove ()3.4p we use the representation ()2.16|) . Assume first that / = gj is 
supported in D^,,. Let gf{^,ii') = ^.(C,/^'- and [T{g)]*{^, fi) = T{g){^,ft- 
m- Then, 



[T(^7)]*(e,/i)= / ^?f(e,/i' 



.#1 



fx' 



{jj! + i) djj! . (3.5) 
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We use the elementary bound 
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fx' 



ifi' + t) <C[(l + |/i|)-^ + (l + |/x-/i'|) 



n\-4i 



nl/2 



Then, using (|3.5|) . 

L Jr ^ 
Jr 

It follows from the definition of the spaces X^, that 

||T||xfe^Xfc < C uniformly in A; G Z+, 

as desired. 

Assume now that / = Y^, k > 100, e G {ei, . . . , 6^}. We write 



(3.6) 



r(e,r') 



r(e,r') + - 



Using Lemma EH Mr' + \^\^ + n^,T')\\x^ < CH/'^Hye. In view of dH and 
(|3.6|) . for (j3.4p it suffices to prove that 



+ 



i^ir+m / m,r')dT' <C||r||ye. (3.7) 



X,. 



The bound for the first term in the left-hand side of ()3.7j) follows easily from the 
definition. The bound for the second term in the left-hand side of (|3.7p follows 
from (jT^ with t = 0. □ 

We prove now several nonlinear estimates. The main ingredients are the dyadic 
estimates in Lemma [5.21 Lemma Rj. 11 Lemma 17.11 and Lemma f8. II We reproduce 
these dyadic estimates below: 

• if fci, k2, k e Z, ki < k2 + 10, fk^ G Zk^, and fk2 G ^fca, then 



< C2 



— \k2—k 



(3.8) 



where ^"H/^J G {J'-\fkJ,J'-'ifkJ}. 

• if ki, k2, k E Z, ki < k2 — 10, \k — < 2, fk^ G Zk^, and fk2 G Zk2 then 



<C(2*^/^||/,JU,J.(2'^'=^/^||/,,|U,J, 



(3.9) 



where J'-'ifkJ e {^-^(/fcj, ^"H^J}- 



(3.10) 
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• if ki, k2, k e Z, ki < k2 + 10, fk^ G Zfc^, and fk,, G Zk,„ then 

■ir+\^\' + [[(ri + |6P + OAJ * fk.] \W 

• if /ci, /c25 ^3; k G Z, /fc^ G Zjfc^, G Zfc^, /fcg G ^'^3, and 

min(A;,A;2,A;3) < A;i + 20, (3.11) 

then 

2fc.+.3 . 2*/2hf (0 ■ (r + + 0"^ ■ (/., * * UWz, 

(3.12) 



where T-\fk,) G {-^-H^J, -^-H/fcJ}, ^ = 1,2,3. 
For a>d/2 let 

F'' = {m G C(R : B'^ -.ueF" and = 

Lemma 3.3. (^aj Ifu,v G M ■ f G F"'/^ and 

\\U ■ V\ \pd/2 < C\ \u\\pd/2 ■ I |f I \pd/2. 

(b) Ifu,ve + F'^^^ then u-ve F'^/^ + Y''^ , and 

■ v\\pd/2+p^/^ < C\\u\\pa/2^^d/2 ■ \ \v\\^^/2^j,d/2. 

(c) Ifue F'^/^ + F'^^^ and v,w e F'^/^ then u ■ 2 ^f^^ d^^v ■ d^^w G N'^/'^ and 

d 

1=1 

Proof of Lemma [3^31 For part (a), let fk = Vk'^^iO " ^i"^)^ 9k = Vk''\0 ' 
G Z. For part (a) it suffices to prove that for any /ci, A;2 G Z 

fcez 

which follows easily from ()3.8|) . The proof of part (b) is similar, using only ()3.8|) 
and the definitions. 

For part (c), for A; G Z let fk = rjkiO ' ^i^), Uk = J^'^ifk), 9k = %(0 " •^(^), 
Vk = J-'~^{gk), hk = %(0 ■ •^(^)? ^fe = ^~^{hk). It suffices to prove that for any 
ki, k2, k-i eZ 

d 



kez 1=1 



(3.13) 



< C(2*^/^||/,JU,J • (2*^/2 11^,, I J ■ i2''-^/'\\hk,\\z,J, 
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where Uk-^ G {m^^, Mfc^}. If min(/c2, k^) < ki + 20 then (j3.13j) follows directly from 
(pTT^ . Assume that 

min(A;2, k^) > ki + 20. 

Using (|3.12p again, we only need to bound the sum over k > ki + 20. In this case 
we use the identity 

d 

2 ^ d^^Vk2 ■ d^^Wks = H{vk2 ■ u!ks) - ■ Hvk^ - ■ Hwk^, (3.14) 
1=1 

where H = idt + A^. We estimate the sum over k > ki + 20 corresponding to the 
term H{vk2 ' ""^fcs) using ()3.8|) and ()3.9|) . We estimate the sums over k > ki + 20 
corresponding to the terms Wk-j, ■ Hvk2 ^^d Vk2 ■ HiVk-j, using ()3.8|) . ()3.9|) . and ()3.10|) . 
The bound ()3.13|) follows easily. □ 

Let 

d 

M{u) = 2u{l + uu)-^ Y.^d^^^? 

denote the nonlinear term in p.6|) . It follows from Lemma f3. 31 that 

\\Af{u)-M{v)\\j^d/2 < Ce'^\\u-v\\pd/2 (3.15) 

for any u,v E Bpd/2{0,e), e ^ 1, and 

P"A^(w)ll7v<^/2 < C'e'P"M||F<^/2 + C(^, (3.16) 

for any / G {1, . . . , d}, m G 1, 2, . . ., and u G Bpi/2{0, e) H The bounds 

(prTH|l and (jSHni), together with the imbedding F'^/^ . ^d/2^^ (which 

follows from Lemma (2. 2|) are sufficient to construct the solution u G C(M : 5°°) 
in Theorem 11.21 and prove the Lipschitz bound p.7|) (see, for example, Section 
5] for the standard recursive argument). 

The uniqueness of solutions in C(M : fl B^d/2{0,ei)), for ei sufficiently 
small, follows from the following simple observation: if m G C{[—T,T] : B°° fl 
-B^d/2(0, ei)) is a solution of the equation ()1.6|) then there is 5 = 5(| |u| |^oo^d/2+ioo) 
with the property that 

l|w|lFd/2[to-5,to+5] < Cei for any to G [-T + 5,T - 5]. (3.17) 

See, for example, ,4, Section 10] for such an argument. The uniqueness of solutions 
then follows from ()3.17j) and ()3.15|1 . 

4. Maximal function and local smoothing estimates 

In this section we prove two lemmas that will be used extensively in the bilinear 
and the trilinear estimates in the following three sections. For / = 1, . . . , d and 
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k eZ+ let eI'' = 2^" -ZK Let x^^^ : ^ 
supported in the interval [—2/3,2/3] with the property that 



[0, 1] denote a fixed smooth function 



(4.1) 



Let x*"^^ : M — [0, 1] denote a fixed smooth function supported in the interval 
[-4,4] and equal to 1 in the interval [-3,3]. Let X^'^ : I^' ^ [0, 1], 

X^'\i) = X^'\^i) ■■■■■ X^'\^i) and = X^'\^i) ■ • • • ■ X^'\^d- 

For k G Z+ and n G H^'"* we define 

xtiO = X^'\{^ - ^)/2^) and xi'UO = X^'Hl^ - n)/2% 

Clearly, 

For simplicity of notation, we let Xk,n = Xh^li and = 
We start with a maximal function estimate. 

Lemma 4.1. If d > 3, k E Z, f E Zf^, and e' E S"^^^ then 

\\J'-\f)\y.^<c2^'^'^'/^f\\z,. 

e' 

In addition, if k > 100, ki E [0,k + lOd] fl Z, and f E Xk then 

[ E ii-^-'(x^.,n(o-/)iii.o.]^/^<c2('^-^)'=^/^.2(^-^^)/^ 

e' 

Ifk> 100, ki G [0, + lOd] n Z, anc? / G then 



(4.2) 
(4.3) 



2mii2 i1/2 

2,oo 



(4.4) 



Proof of Lemma \4-1\ We use the representation (|2.16p and assume first that / 
Qj is supported in D^ j. For (j4.2p . it suffices to prove that 

Ml ^ ^ r~<n(d~l)k/2 nj/2 



g,)\\,.^^^<C2('^~'^''/'.2^/\g,U^. 



(4.5) 



We define gf{C,,fi) = gj{^,fJ' — I^H- The left-hand side of ()4.5p is dominated by 



^f(e,/x)e^^-«e 



'[-2^+l,2J+i] 

Thus, for ()4.5|) it suffices to prove that 



d^ 



djji. 



(4.6) 
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for any function h supported in the set {.^ G M"* : |,^| < 2^+-*^}. 

To prove (j4.6j) . using a standard TT* argument, it suffices to show that 
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■^1 x'.t 



(4.7) 



By stationary phase (one may also rescale to = 0), for any x' G R'^"^ and Xi G M 
I e^-'-?'e-**l«'l'r7o(|el/2'^+^) di' < Cmin(2('^-l)^ \t\-'^''-^'>/^), 

and 

f e^^i «ie-^*«ir7o(6/2'=+i)rf^i < Cmin(2Mt|-^/2)_ 
Jr 

In addition, by integration by parts, if |xi| > 2^+^°|t| then 

f e"i-«ie-'*«ir/o(6/2'^^') (^^1 < C2^(l + 2'^|xi|)-2. 
Jr 

Let K{xi, x', t) denote the function in the left-hand side of ()4.7p . In view of the 
three bounds above, 

sup \Kixi,x',t)\ < C2*(l + 2^\x,\r^ + C2*/2|a;^|-'i/2 . lp_,_^)(|xi|). 

The bound ()4.7p follows since d> 3. 

We prove now the bound ()4.3|) . assuming k > 100 and / = gj is supported in 
Dkj. Clearly we may assume ki < k — lOci, and it suffices to prove that for any 

G Sfcj, 

\\T-\xkUi) ■ 9,)\\l-^- < C2^''-'^''^/'2^'-'^y'-2^/'ML^. (4.8) 
By the same argument as before, for ()4.8|) it suffices to prove that 

for any function h supported in the set G M'^ : |^| < 2*^^} and any vector n G M'^ 
with 1^1 < 2'^"*"^. As before, for ()4.9p . it suffices to show that 



X r7o(6/2^') ■ VoiW\/2''') diidi' < C2^d-i)k,^k-k, _ 

T 1 J OC 



(4.10) 



By stationary phase, for any a;' G M"' ^ and Xi G M, 

/ e*^''-«'e-2'*^'-«'e-^*l«'l'r7o(|ri/2'^) rf^' < Cmin(2('^-i)^\ Itl'^'^-i^/^^ 
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In addition, by integration by parts, if |a;i| > 2'^+^°|t| then 
Jr 

Let Ki{xi,x' ,t) denote the function in the left-hand side of ()4.1()j) . In view of 
the three bounds above, 

sup < C'2*i-l[o,2^.-2.,](|xi|)+C'2*/Vl|"''/'-l[2^--2^-i,oo)(kl|). 



The bound ()4.10|) follows since d>3. 

Assume now that / = Z'^''^' G Y^'''\ k > 100, k' e Tk, e e {ei,...,eL}. It 
suffices to prove the stronger bound ()4.4|) . and we may assume ki < [30d,k — 
30d] n Z. We assume first 

ki < k'. (4.11) 
We fix an arbitrary orthonormal basis in and use it to define an isomorphism 



: 



\>d-l 



P.- 



For G Z+ let 3% = C P^. For n' G El let 



Xln' = Xk,i£)-^n') ° ('^') ' and Xl,n = xL%'i)-i(„') ° ('^') \ 



(4.12) 



Xkn'^Xtn' '■ Pe [0,1] (compare with the notation at the beginning of the 
section). We write ^ = + x = xie + x', ^i, xi G M. x' G Pe- For it 
suffices to prove that 



(4.13) 



1/2 



X r-'^' ■r7<fc+fc,(r + |en]||J^2,oc < C2('^-i)^^/22(/c-feO/2||je,fc' 



We use Lemma ED and Lemma EH and notice that we may replace ^7<fc+fci(^i — 
M'^) ■ V<k'-8o{^i — M) by ?7<fci-5o(^i — M), at the expense oi C{k — k' + 10) error 
terms in Xk- The contributions of these error terms are controlled using ()4.3|1 
and the large factor 7^ ^/ in ()2.6p . For simplicity of notation, in the rest of this 
proof we let Xlnm' denote the sum over rii and n' as in ()4.13|) . Using Lemma 
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12.41 for (j4.13j) it suffices to prove the stronger bound 



ni ,n' 



(4.14) 

for any h' G L\P, x M). We notice that X^nM ■ V<k,-5o{^i - M) = " 
^<fci-5o(^i - M) ■ Xkln^W- Thus the left-hand side of is equal to 



e "^'e ^ e 



HxPeXl 



x^„n'(0-xi;:„,(ei)-xi;u(M) 



X 



- M + 1/2^' 



h\i\T)dirdi'dT 



2 -| 1/2 



We may disregard the factor xii'*„i(^i) ™- the integral above, and integrate the 
variable first. The left-hand side of (I4.14|l is dominated by 



C 



ni,n' 



xtA0-X'u!,n.{M).2-'^'l'h\i\r)di'dr 



2 -| 1/2 



We make the substitutions r = —^"^ — (so M = /i) and h"{^, = 2 ^'^'^ ■ fi ■ 
h'{i', -fi"^ - l^'p) (so \ \h"\\L2 ^ \ \h'\\L2). For it suffices to prove that 



E 

ni,n' 



PeXl 



r2,oo 



1/2 



L2, 



which follows from ()4.9|) . 

If fc' < fci then, using the large factor 7^^^' in ()2.6|) . it suffices to prove the 
bound ()4.4|) in the case ki = k' . This was already proved before. □ 

We prove now a local smoothing estimate. 
Lemma 4.2. If k e Z, e' e S'^^S / G [-1,40] n Z, and f G Zk then 

\\J^~'[f ■ ■ e'/2'-^)]\\,^, < C2~'/'\\f\\z,. (4.15) 
Proof of Lemma\4.^ Since L^f = L^^,, for ()4.15p it suffices to prove that 



IJ'-'lf-vti^-^'/^'-') 



< C2~^''^ 



(4.16) 
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We use the representation ()2.1fi|l . Assume first that / = gj. In view of the 
definitions, it suffices to prove that if j > and gj is supported in D^j then 

/ e^^-«e^*^^?,(e, r) • vtiC ■ e'/2'-') d^dr ^ ^ < C2-^''2^/'\\g,\\r.^. (4.17) 

Let gf{C,, /u) = gjiC, f^ — I^P)- By Holder's inequahty, for (j4.17p it suffices to prove 
that 

f e'''-^e-''\^\\{i)-7]t{i-e'/2^-^)didT < C2-^'^\\h\\L2, (4.18) 

which follows easily using Plancherel theorem and a change of variables. 

Assume now that k < 100, / = f"'^' G Y^'''' , k' G T^, e G {ei, . . . ,6^}. The 
estimates in Lemma 12.41 show that 



■ [^^50,.-.i](e • e') - ^J.50..+i]((^e + O ■ e')]IU, < C\\f 
Since fl4.16|) was already proved for / G X^, it suffices to show that 



lye 



f e*-^«ie"''«'e'*V"''''(6e + e',^) 

JRxPeXR 



^J-50,.+i]((^e + a ■ e') d^.d^'dr < C2-'/^r'' 



(4.19) 



We use now the representation in Lemma (2. 4| and integrate the variable first 
in the left-hand side of (I4.19|) . For (j4.19|) it suffices to prove the stronger bound 



PeXl 



vUo,k+iime + a-e')d^'dT 



< C2-'^/Hh'\ 



(4.20) 



Li , 



for any h' G L'^{Pe x M). We may the substitutions r = — /i^ — (so M = fi), 
and h"{C,l^) = 2-'''/^ ■ fx ■ h'{i',-fi^ - l^f) (so ||/i"||l2 ^ ||/i'||l2). For ^PHM it 
suffices to prove that 



PeXl 



^...^.'■^^ui^^W?) . ^+ _^ (^) . r^o(|ri/2^'+^) ■ h"{i\ /.) 
X r?[^_5o,fc+i]((/ie + i') ■ e') di'dfi 
which follows from ()4.18p . 



<C2-'''^\\h"\\L2 , 

roo,2 — II II-'^J.t' 



□ 
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5. Dyadic bilinear estimates, I 

In this section we prove several dyadic bilinear estimates. We assume in the 
rest of this section that d > 3. We record first a simple estimate (see, for 
example. Lemma 6.1 (a) in [4^ for the proof): if ki,k2,k G Z, ji,j2,j G Zi+, and 
dkiji, gk2„j2 functions supported in D^^ j^ and Dk2,j2^ then 

\\W.<9k.,n*9k2,n)\\L^<C2'-'^^^^^^^ (5.1) 

where J^-^S^fc^iJ e {J^'\gk,,jX ^'\9k,,n)}, / = 1,2. 
For any /c G Z, j G Z_|_, and fk G Zj^ we let 

/fc.<.(e,r) = /fc(e,r)-r7<,(r+|eP) and /,,>,(e,r) = fki^,T) ■ v^^ir + \^\'). (5.2) 

We will often use the following simple estimate. 

Lemma 5.1. // ki, k2 e Z, ki < k2 + C, ji, j2 e Z+, fk^ G Z^^, and /^^ G 

||/fcl,>il * /fe2,>i2)IU2 

< C(2^V2 + 2('=^+'=^)/2)-i(/?,,,, . ■ (2*^/2||/,JU,J • (||/,JU 

where J'^Hh,>n) E {r-\h,,>n).^-\fk,,>n)}, ^ = 1,2. 

Proof of Lemma \5.1\ If A;2 > 100 then, in view of ()2.10p . we may assume that 

fk2 is supported in 4f x Mn{(6, ^z) : < 2'=^-^°} for some v G 4f . (5.4) 

Let V = v/\v\. Then, for k2 > 100, using Lemma [4.21 fand (|4.17p when j2 > 2/^2), 

II-^"'(^.,>.JIIl-'^ < C2'''''[5^lJfaz,,. (5.5) 
Using Lemma f4. II (and ()4.5|1 when ji > 2ki), 

^^-\hu>,JU- < C2^'-'^'^/'pj:^]jf,AK. (5.6) 

Using the definition, 

\\J'-\h2,>rML^ < C2-^''^(5,lJfaz,^. (5.7) 
Finally, using Lemma [2.21 (and ()2.22j) when ji > 2ki), 

\\J'-\fku>n)\\L- < C2''''^'Pj;,]JfkAK- (5.8) 

The bound ()5.3|) follows by using ()5.5p and ()5.6|) when ki + k2 > j2, and ()5.7|) 
and when ki + k2 < 32 (if ^2 < 100 we always use (IHTfl and ((^). □ 

Our next bilinear estimate is the main ingredient in the proof of the algebra 
properties in Lemma f3. 31 
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Lemma 5.2. If ki, k2, k & Z, ki < k2 + 10, fki G Zk^^, and fk^ G then 



where J'-^h,) E {-^-H/fcJ, -^^H/fcJ}- 

Proof of Lemma \5.^ We may assume k < + 20. The bound (j5.12p follows 
easily from (|5.ip if /c2 < 99 (compare with Case 1 below). Assume k2 > 100. In 
view of ()2.10p . we may assume that 

/fc2 is supported in xMn{(6,r2) : < 2'''-''^} for some v E lif . (5.10) 

With V as above, let v = v/\v\ E S'''^^ and 

K = max{ki + k2,0) + 100. 

For e E {ei, . . . , e^} let 

[vl iO if /c < 100. 

In view of (j2.10j) . for (j5.12j) it suffices to prove that for any e E {ei, . . . , e^} 
2*/l^£(0-(A.*AJIU, < C2-l^-'=l/^(2*^/2||/,JU,J-(2'^'^^/l/,,|U,J, (5.12) 
Using ()5.3|) with ji = j2 = 0, we estimate first 

< C2*/22^/XkII42(0 ■ * /.JIU^ 

(5.13) 

< C2"'/'2^/\l + 2(^-2^-^)/^) ■ 2-^/2 ■ (2'^^^/l/,JU,J ■ (||/,JU,J 
It remains to estimate 

< C72-l^'-^l/^(2*i/l/,JU,J • (2'^'=^/l/,JU,J. 

Using the atomic decomposition ()2.16|) . we analyze several cases. 

Case 1: /^^ = gk^j^ E X^^, fk^ = gk^j^ E X^^. We have to prove that 

< C2-l'=-'=l/^(2*^/22^-^/2/3,,,J|^7,,,JU.) ■ {2''^/'2^^/'f3k,,A9k.,jAL^)- 
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We may assume that max(ji, ^2) > -ft' — 10. Using (|5.ip . the left-hand side of 
(|5.15p is dominated by 

j<max{ji j2)+C 

which gives ()5.15|) using the simple inequality (see the definition ()2.4|) ) 

/3fc,max{ji J2) — C'^ ^ /3fc2,max{ji J2) — ^"2 ^ Pki,jiPk2,j2- (5.16) 

Case 2: fk^ = gk2,j2 ^ ^^2; /fci ^ ^fc'i ? / € {1, . . . , L}. We have to prove that 

2*/l^>K(r + m ■ ■ ilk. * 9k2,2)\\z, 

< C2-\'^'-'^/\2''^/^U\y^.) . (2*^/22^V2^^^ .ji^^^ .ji^,). ^5-1 

In view of the definitions, we may assume that j2 ^ K — 10 (otherwise the 
left-hand side of fl5.17|) is equal to 0). We estimate the left-hand side of ()5.17|) by 

C2'''/'2^-/'P,^,,\\h,*g,,^,,h2 < C2'''/'2^-/'p,,, ■ ||^-^(7,J|U^ • |k.2,.JU^, 

which gives ()5.17p . in view of ()2.19|) . 

Case 3: A, = f.f G Y^-'', k' < h + 20, G Y.'^', 1,1' G {l,...,L}. In 
view of ()2.3ip and the analysis in Case 1 and Case 2 above, we may assume that 
/fc^ is supported in the set {(^i,ti) : \ti + < 2^'^i+^°} and f^'^'^ is supported 
in the set {(6,r2) : |r2 + < 2^=+^' < 2'=+'=i+20|_ ^j^jg ^g^gg ^-^^ left-hand 
side of ()5.14p is equal to 0. 

The analysis in Case 1, Case 2, and Case 3 suffices to prove ()5.14|) if ki > A;2 — 10. 
So we may assume from now on that 

A;i < A;2 - 10 and |A; - A;2| < 2. (5.18) 

Case 4: = f.f G Y^^'"' , k' G n, k' < k, + 20, = g^,,, G X^,, 
/ G {1, . . . , L}. In view of (j2.3H) and the analysis in Case 1 above, we may assume 
that k' > 100 and ff^''"' is supported in the set {(6,^2) : \t2 + < 2^+'='-io°}. 
Then we may assume ji > K — 10; for ()5.14p it suffices to prove that 

2'^'=/22^-^/2/3,,J|^,,,,*/,^-^''||i. 

< C{2''^^/'2^^/'p,,,,\\g,,M . {2''^/V,f\\^.,^y). 

We use Lemma [2.41 so we may assume 



(5.19) 



fei,k' (t: o _L — 9-A:72 ^<fc'-ioo(^i^^^) t/f/ \ 



(5.20) 



fe2 
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where eR, C ^ Pen M = M(^', r) = (-r - |^'^^/^ and h is supported in 
Silk' = {(^'' T)eP,,xR:-r- e p^'^'-so, 22'='+i0], 1^' | < 2"'+'}. (5.21) 

In view of (PTTKIl . for dSHHI), it suffices to prove that for h G L2(Pe, x R) and /^^'''' 
as in (jni2ni), 



(5.22) 



For later use, we prove (|5.22j) without using the restriction k' < ki + 20. We 
estimate the norm in the left-hand side of ()5.22|1 by duality: the left-hand side 
of (jK^ is bounded by 



2-k'/2 



sup 



(IRxPe;X]R)2 



rj<k' -woi^i - M) c' , ' ^ n\ A ac'a 'a 

, ■ a(^i + r?i, ^ + , r + /3) d^idijid^ drj drdp 

t,i — M + 1/2" 

Using the boundedness of the Hilbert transform on and then Holder's inequa- 
lity in the variables (^', r, /5), this is bounded by 



C2-''/^\\h\\L2-2''/^- 



XPe, 



1/2 



which easily gives ()5.22|) . 

Case 5: = flf G Y^f , k' > k, + 20, = G / G {1, . . . , L}. 

We may assume also k' > 100 and notice that 

fkf * fku<k is supported in the set {(e, r) : ^ • G [2'^'-', 2'^'^']}. (5.23) 
We have to prove that 

< C(2^^^/^||4.<^|U,J ■ (2*^/2||/:-'='ll^,.0- 

We will use fj2.29|) implicitly in some of the estimates below, and write 

-:F-'[ir+\e + ^)■{l,,<K*fkf)] 



(5.24) 



+ ^-^(/S''')-(^5* + A.)^-j(4,<^) 

+ 2V.^-i(/-'^')-V.^-i(4_<^). 



(5.25) 
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Thus, using fPT^ . 

(5.26) 

+ C2'^'/'2-^/'l|V.^-i(/:^''^')-V.^~^(4^^<^)|U.. 
We estimate the first term in the right-hand side of ()5.26|) by 

which is bounded by the right-hand side of ()5.24p in view of Lemma 12. 2[ We 
estimate the last two terms in the right-hand side of ()5.26|) by 

which is bounded by the right-hand side of ()5.24|) . using ()5.3p . 

Case 6: = f^f G Y,^f, k' > h + 20, f,, = g,,,, G X^,, j, > K, 
/ G {1, . . . , L}. Then, using Lemma ITTl we decompose 

fei,fc' _ rei,k' I r-ei,k' , y 

Jk2 ~ ^fc2,<ii-10 ^fc2,>ii+10 ^k2- 

In view of the analysis in Case 1, for ()5.24p it suffices to prove that 

+ 2"^/'\\v^,,{r + ■ r/g(0 ■ {9k.,n * fZ:>n^io)\U (5.27) 
< C(2'^'=^/^2^V2^^^_^.j|^^^_^.j|^,) . (2^^^/l4^-^'||^,,,0- 

'=2 

The bound for the first term follows easily using the norm and (j5.22j) . To 
control the second term in the right-hand side of ()5.27|) we use again the decom- 
position ()5.25p . as well as ()5.23|) . and estimate it (as in ()5.26|) ) by 

C2''/'2~''/'^,,,,\\{zd, + A. - ^)^-^(/,l't;+io) ■ ^-\9kun)\\Llf 
+ C2''^'^-^^/'\\:F-\fZ'!i,,^,,) ■ (za, + A^):F-\g,,,J\\,. (5.28) 

+ C2'^'^/^2-^-^/2||V.^-^(/:^;t;,+io) ■ ^^^~\9kun)\\L-^- 
We estimate the first term in the right-hand side of (j5.28p by 

which is bounded by the right-hand side of (|5.27|) in view of Lemma 12.21 We 
estimate the last two terms in the right-hand side of (j5.28|) by 
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which is bounded by the right-hand side of ()5.24|1 . using 



□ 



6. Dyadic bilinear estimates, II 
In this section we prove our second main bihnear estimate: 

Lemma 6.1. If ki, k2, G Z, fci < ~ 10, \k — < 2, /^^ G Z^-^, and ^ 
then 



where T-\h,) G {T-\h,),T-\jk,)} . 
In view of fl2.1()|l . we may assume that 

is supported in 4f xMn{(6,r2) : < 2"^^"'°} for some v G 4f , (6.2) 

and let v = v/\v\. With rj^^e defined as in f)5.11|) . e G {ei, . . . ,6^}, for ()6.1|) it 

suffices to prove that 

<C(2'^'^^/l/,JU,J-(2^^^/l/.JU,J, 

for any e G {ei, . . . , gl}. We consider again several cases. 

Case 1: ki < 100 and fk^ = gk2,j2 ^ ^fe; ^2 > /ci + /c2 + 100. In this case we 
may assume fk^ = gki,ji £ -^fci- For ()6.3p it suffices to prove that 

< C{2"'^/'2^^/'(3k.,A9ku,AL^) ■ (2'^'=^/^2^V2^^^^^.j|^^^_^.j|^,)^ 
If lii "~ J2 1 > 500 then the left-hand side of (|6.4|) is dominated by 

^ ^r,(i!fe/2r,i2O-max0i,j2)/2/o r)(ifci/2r)min0-i,j2)/2|| . 11 „.||^, . 11 „ 

\ U/Z, z, z, Mfcjmax^ji J2) ^ ^ lli/fcijilli Iiyfc2j2lli 5 

using ()5.1|) . which suffices for ()6.4p in view of ()5.16|) . 

If Iji ^ J2I < 500 then, using ()5.1|) . the left-hand side of ()6.4|) is dominated by 

^2^fe/22,2 J2 2~^/'Pk, ■ 2^-/22*i/2(||^,^_^.j|^, . ||^,^,^.J|^2) 
i<i2+c 

< C2*^/22*^/22^-^ ■ (J2 + A2.2) ■ iWgkunh'^ ■ \\9k2,rAL^), 



which suffices for ()6.4p since /?fci,ji ~ 2-'i/^ ^ 2-'2/2. 
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Case 2: ki < 100 and f^^ = gk2,j2 ^ ^fe; J2 < ki + k2 + 100. In this case we 
may assume fk^ = gkiji ^ ^ki- For (j6.3|) it suffices to prove that 



(6.6) 



In view of fl6.2|) . we may assume that gk2,j2 is supported in lifr\{{C,2, T2) '■ 1^2— "^1 < 
2fc2-40| ^Qj, some f G I^^ . Then we estimate the left-hand side of ()6.6|) (using the 
norm and by 

2*/^2^-^ ■2-'=/2||^-i(^,,,J||^2,. . ||^-^(^7fe,J||^p, 

which gives ()6.6p in view of Lemma 14.11 

Case 3: ki < 100 and /^^ = f^'/ e y^^^"^'', fc' e T^,, / e {1, . . . , L}. In view of 
the analysis in Cases 1 and 2, and (j2.31|) . we may assume k' > 200. Then, using 
Lemma (j2.17|) . and the fact that /^^ * [{t2 + |^2p + ^)fk2^ ] is supported in 
the set {(^, r) : ^ • e^ G [2^''"^, 2^'+"^]}, we estimate 

2''/^hS(0 ■ (r + + & * [(^2 + \i2? + lU, 

< C2'''"2-''l'^u,k'\\r'\Jk,)\\L^ ■ ||^-^[(r2 + + , 

which suffices for ()6.3p . 

Thus, from now on we may assume 

A;i > 100 which implies that k2 > 100. (6.7) 

As in the proof of Lemma 15.21 let 

K = ki + k2 + 100, 

and define /^^ <k-i as in (j5.2j) . Then, using Lemma HH] and (j2.17j) . 

^'"^'Wv'kiiO ■ir+\^\' + ^ryk. * [{r2 + 161' + ^)fk2,<k~i]] lU. 

< C^2*/2 ■ 2-^/2||^-i(7fcJ ■ J^-'[{r2 + + 04 

< C2''/' ■ 2-'/'\\:F~\fkMLl- ■ \\^-'[ir2 + + 04,<,._ij„xj 

< C2'^'=/^2-'^/^2(^-)^^/^||/,JU,^ . 2^/^||4^<^_JU,^. 
Thus, for (j6.3p it suffices to prove that 

^''^'WvitiO ■{r+\^\' + i)-' [Ik. * [{r2 + + ^)fk2,>KW h. 
<C(2'^'=^/l/,JU,J-(2'^^^/2||/,JU,J. 

To prove ()6.8|) we analyze several more cases: 

Case 4: = gk2,j2 e ^^2, /fe, = gk^j^ G X^^. We may assume j2 > K and 
gk2,j2 is supported in fl {(6,^2) : |6 - v\ < 2^2-401. ^^^^ ^ ^ jW^ jf 



r2,2 



(6.8) 
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\ji — j2\ > 10 then the same estimate as in Case 1 (see gives the desired 

estimate. If \ji — J2I < 10, then we estimate the left-hand side of (|6.8|) (using the 
norm and (ITTTI) ') by 

02^1^/22^ . [(^-^ _ 2hU + l]2-'/'\\J^-\g,,,,)\\^.,^ ■ ||-F-i(^7,,,J||^... 

Pkiji ■ Pk2,j2 

which is controlled by the right-hand side of ()fi.8j) . 

Case 5: = 5'fc2,j2 ^ ^k2, fk^ e ^^fc*;', / G {1, • • • , L}. We may assume j2 > K. 
Using the norm, we estimate the left-hand side of ()6.8|) by 



which suffices, in view of Lemma |2T 

Case 6: = f.f e Y^f, k' e G F,^, /, /' G {1,...,L}. In 

view of ()2.31|) and the analysis in Cases 4 and 5, we may assume K < k2 + k', so 
k' > ki + 10. Thus flf *fk^ is supported in the set {(^,r) : ^e; G [2'='-2, 2'='+2]}, 
and we can estimate the left-hand side of ()6.8|) by 

which suffices, in view of Lemma 12. 21 

7. Dyadic bilinear estimates, III 
In this section we prove our last dyadic bilinear estimate: 
Lemma 7.1. If ki, k2, k ^ Z, ki < k2 + 10, fki G Zk^^, and G Zk2, then 

2*/^||r/r(0 ■ (r + + ^)-' [[(n + |6P + ^)fkA * IU, 

< C2H'=-^I/^ ■ (2*^/l/,JU,J . (2*^/l/,JU,J. 

In view of ()2.10|) . we may assume that 
fk2 is supported in 4f xMn{(6,r2) : \^2-v\ < 2'^^-^°} for some v G 4f , (7.2) 
and let v = v/\v\. With 77^,6 as in ()5.11|) . for ()7.H) it suffices to prove that 

2*/'hS(0 ■ (r + + ^)-^ [[(ri + + 0/..] * /fe] \W 

< C2-\^--^\'^ . (2*^/l/feJU,J ■ (2*^/1/,, 

for any eG{ei,...,e/}. We consider again several cases. 



(7.3) 



\Zk2 < 
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Case 1: ki > 100, k2 > fci + lOc?, /^^ G Z^^, /jfcj = 5'fc2,j2 ^ ^te- We may assume 
\k2-k\ < 2 and let ^ffciji = /fci I^H, ji e Since 2^i/2^fc^ jj < 

C||/fcilUfc^ (see Lemma I^TTj) . for (j7.3|) it suffices to prove that 

< C{1 + 2'=-^V2)-i . (2*^/22^V2^^^_^.j|^^^^^.j|^,) . (2^^^/22^V2^^^_^.j|^^^^^.j|^,). 

(7.4) 

We have several subcases depending on ji and j2- Assume ffist that 

ji < A;i + ^2 + 10 and j2 < A;i + A;2 + 20. (7.5) 

For ()7.4|) it suffices to prove that (with e as in the function rj^ffl in the left-hand 
side of (dl)) 

< C(l + 2'=-^-^/2)-i . (2^'^^/22^-^/2/3,,,J|(7,,,JU.) ■ (2*^/22^V2||^^^_^.j|^,)_ 

We use the cutoff functions X^k^m Xti n' defined in ()4.ip and ()4.12p ) to de- 
compose 

Ev-^ ni,n' 
nieHW:"ie[2'=2-30,2'=2+iO] Z^n'eHJ,^,|n'|<2*2+l° ^fc2j2 ' 

C:;'(eie + h = 9k,,ni^ie + f , r) ■ x£„,(ei) ■ X^fc,„.(^')- 
In view of ()7.5p . we have the identity 

(^^e + r) := ^7,,,, * gl'^'^i^^e + e', r) 
= x£.,(6) ■ X^„„'(e') ■ r/<.,+.,+30d(r + nl + \nf) ■ (^le + r) (7.8) 
= Xfc,„'(r) ■ V<kM30d{r + nl + \nf) ■ /^"-"'(eie + r). 

For simplicity of notation, let ^, denote the sum over rii and n' as in ()7.7p . 
Let 

/i"-'^'(xi,e',r)= / e^-i«i/i-i'"'(eie + e',r)rfei, 

thus, using (j7.8j) . 

/ e^-^«^/."-"'(eie+r,r)rfei = X^„„,(0 ■^<fc.+/i2+30d(r+n? + |nf ) ■/^"-"'(a;!, e', 

We notice now that the supports in r) of xli.n'i^') ' '7<fci+fc2+30d(T + nj + \n 
and xl^ .^,{^')-r]<ki+k2+30diT + 1711 + Itti'I"^) £^^^6 disjoint unless \ni-mi\ + \n' -m'\ < 
C1^^ (recall that ni,mi ^ 2^'^). Thus, for any xi G M, 



'|2\ 
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Thus, using Plancherel theorem, the left-hand side of ()7.fjj) is dominated by 

C2''k/22h2-k/2 f ||jr-i(/,ni,n')(3;^e + x',t)||22 Y^^dxi. (7.9) 



We use now the definition of /i"!'"- in ()7.8|) to estimate, for any x\ G M, 

||^-i(/i"^'"')(a;ie + x',t)|U2, 

Thus, the expression in ()7.9j) is dominated by 

^c^dk I2c2j\ c2—kl2 

f WJ'-'igk^jJixie + x'M,.^^. ||^-i(^-;;')(xie + x',t)||i.J^/^rfa;i. 

■^^ ' ni,n' 

By Holder's inequality in xi, this is dominated by 

ni,n' 

Using the bound ()4.3|) in Lemma f4. 11 this is dominated by 

which suffices for since (3k^,n = 1 + 2-'i/2-fci. 
Assume now that 

ji < A;i + ^2 + 10 and > h + k2 + 20. (7.12) 
For ()7.4|1 it suffices to prove that 

< Cil + 2'=-^V2)-i . (2'^^^/22^V2^^^_^.j|^^^^^.j|^,) . {2'''^^/^2^^/^p,^^^^\\g,^J\^.). 

(7.13) 

Using Lemma f5. 11 we estimate the left-hand side of ()7.13p by 

2.^/22,12-^2/2^^^^.^ ■ 2-^^/\(3,,,, ■ (3,,,,)-' ■ {2''^/'\\9k.,n\\z,,) ■ Ikfe.JU,,, 
which suffices for ()7.13|1 . In this case we have proved the stronger bound 
2*/22.i||^(^(^) ■ (r + + ^)-\9k.,n * 9k.,.)\\z, < C{1 + 2'^-^V2)-i 

^2^'^-'^)/^-{2''^''V^''^u.,A\gu^^^^^^^ 
Assume now that 

Ji > /ci + + 10 and |j2 - Ji| > 10. (7.15) 



(7.16) 
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Since the sequence 2~^/'^Pk,j is decreasing in j, for ()7.4|) it suffices to prove the 
stronger bound 

2dfc/22.i2-^V2^^^^.^ ■ sup \\lD,,-9k„n*9k„rAL^ 

Using ()5.1|1 . we estimate the left-hand side of ()7.16|1 by 

which suffices for ()7.16p . 
Finally, assume that 

31 >h + k2 + 10 and lis - ii| < 10. (7.17) 

Using (|2.17|) . for (j7.4p it suffices to prove that 

2.fc/22.. . 2-^/2[(^-^ _ 2A:,)^ + l]\\J^-\g,,,, * ^ 

Using (j4.5p . we estimate the left-hand side of (j7.18p by 

2*,/22.i2-'=/2[(^2 _ 2h)+ + 1] ■ 2^''-''>'-^/'2^^/'\\gk,,AL^ ■ \\gk,,n\\L^, 

which suffices for (ITTTHll since (3k^ n > 2^'^-^^~^^^''^ . 

Case 2: h > 100, h>h + lOd, G Z^,, /fc, = fl'^ G F,^', / G {1, . . . , L}. 
We may assume 1^2 — A;| < 2 and let (/fcui = /fci ■ ''?ii(T + I'CH) Ji ^ Since 
2^'^^/?feijill5'fci,iil|L2 < C'll/fcilUfcj, for (|721) it suffices to prove that 

2^k/2^n . (r + + ^)-^(^?,,,, * flDWz, 

<C{l + 2'^-^^'')~' ■ {2'^^/^2=^''^,,,,\\gk^^^^^^^ ^ ■ ^ 

We consider two subcases. Assume ffist that 

3i <h + k2 + 10, (7.20) 
and define /fc^^<fc^+fc^+2o and /fc^,>fc^+fc,+2i as in (Q. To estimate 

2'^'/^2^-^hg(0 ■ (r + + ^)-^(^?..,,. * /.l<.,+.,+2o)IU. 

we argue as in the proof of the bound ()7.5p in Case 1. The only difference is that 
in passing from ()7.10|) to ()7.1ip we use the bound ()4.4p in Lemma 14. H instead of 
the bound ()4.3|) . To estimate 

2^^/22.. II^W(^) ■ (r + + ^)-\9k.,n * /S,>.,+..+2i)IU. 

we define g k = fki>k,+k2+2i ' Vj2{^ + \^\'^)^ h e [h + k2 + 20, 2A;2] n Z, and use 
the bound ()7.14|) and Lemma f2.1[ 
Assume now that 

31 >ki + k2 + 10, (7.21) 
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and decompose 

The contribution of the sum over in the expression above, which has at most 
^2 ~ ki terms, can be estimated using ()7.16|) and ()7.18p . Then, we estimate the 
contribution of the function fk2,<ji~io by 

The bound (17111 follows from (ICTI) . 

Case 3: k2 < C. In this case, ki,k < C and we may assume fk^ = gki,ji £ 
and fk, = gk,,n ^ ^k,. Since I3k,,j, ^ 2^^'\ Pk,,n ~ 2^'^', Pkj ~ 2^V2^ for ^ jt 
suffices to prove that 

^ \\Wr(9k,,n*9k,,n)\\L^ 

j<max(jij2)+C (7.22) 

< ^2-1^^-^=1/^ • {2'"'^/'2^^\\gk,,M ■ (2*^/22^'^||(7fe„,JU0- 

This follows easily from (jS.lj) . 

Case 4: fci < 100, /c2 > (^i + 10(i)+, = gk2,j2 ^ ^^2- We may assume 
fki = fi'fci.ji £ -^fci) /5fci,ji ~ 2-'^/^, and 1^2 — A;| < 2. For (|7.3|) it suffices to prove 
that 

< C(2*^/22^-^/22^-^/1^7,,,,|U.) ■ (2^^^/^2^V2^^^_^.j|^^^^^.j|^,). 
Assume first that 

Ji <ki + k2 + 10. (7.24) 
Then, using ()4.5|) and ()2.17|) . we estimate the left-hand side of ()7.23p by 

C2''/'2^^ ■ 2-^l\32 - 2k2U + lW-\9k,,n * ^^^..JIIl- 

< C2''^/'2^^2~'^/'[{j2 - 2k2)+ + 1] ■ i2^''-'^'^/^2^^/'\\gk,,AL^) ■ \\gk..,M^, 

(7.25) 

which suffices for ()7.23|) . 
Assume now that 

Ji >ki + k2 + l0 and \j2 -Ji\> 10. (7.26) 
Since the sequence 2~^^'^Pk,j is decreasing in j, for ()7.23|) it suffices to prove that 

2''/'2^^2-^^/'Pk,n ■ sup \\1d,^^ ■ i9k,,n * 9k2,n)\\L^ 

]&+ (7.27) 

< C{2'"^^l'2^^l'2^^/^gk,,Av^) ■ {2'''''2^-''Pk,,n\\9k2,n\W). 
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Using (|5.ip . we estimate the left-hand side of (j7.27p by 

which suffices for ()7.27|) . 
Finally, assume that 

Ji >h + k2 + l0 and \j2 -Ji\< 10. (7.28) 

For ()7.23|) it suffices to prove that 

2dfc/22.i J2 2-^/'f3,j ■ ■ {g,,j, * gk.jMi- 

j<ii+20 (7.29) 
< ^. (2*i/22.i/22.V2||^^,^^^.j|^,) . (2*^/22^V2^^^_^.j|^^^_^.j|^,). 

Using ()5.ip . we estimate the left-hand side of ()7.18|) by 

2*2/22.1 . J2 Pkj ■ 2''^/'\\gk,,,, ■ \\gk,,n\\L-^ 

J<Jl+20 

which suffices for ()7.29p since Pkj < CPk2,j2- 

Case 5: h < 100, k2 > {h + 10rf)+, fk^ = G Y^^. We may assume 

/fci = gk^,h ^ Pkuh ~ 2^'^^ ^2 > 100, and \k2 - k\ < 2. For (Q it suffices 
to prove that 

2*/22.i||^g(^) .{r+\e + t)-\gk,,n * fZ)h. 
< C(2*^/^2^-^/22^'^/l^,,,JU.) • {2''^/'\\fZ\\y^.). ^^-^^^ 

If ji < /ci + A;2 + 50 then ()7.30|) follows using an estimate similar to ()7.25|) in Case 
4 (clearly, H/^^IU^ — ll/fe II v^''' ' ^^ing Lemma EHj). We assume 

Ji >ki + k2 + 50, (7.31) 

and decompose 

fkl ~ /fe2,<ii-io + /fc2,>ii+io + -^^2- 

In view of 

2*/22.i||^g(^) . (r + + i)-'{gk,,, * fll<,,-,,)\W 
< C{2''^^'^2^^"2=^l^gk,,,\y) ■ (2*^/2||/:^||^e,), 



^2 
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as desired. In addition, 

2fc+10 

i=ii 

2fc+10 

j=ji 

using Lemma f5. 11 since ji < 2k2- This completes the proof of ()7.30p . 

Case 6: ki,k2 > lOOrf, \ki - /cal < 10(i, /fc, G Z^^, = gk^ji ^ ^k2- Let 
= fk, ■ Vnir + m, Ji e Z+. Since 2^^/'Pk,,n\\9k,,n\\L- < C\\hjz,^, for 
()7.3p it suffices to prove that 

Using the definition, we estimate the left-hand side of ()7.32|) by 

+ C2''''2^^\\r^^Si) . v>2k-20o{r + \^\') ■ {r + + ^r\9k.,n * 9k,,.)\U. 

(7.33) 

We estimate the first term in ()7.33|) (which is nontrivial only if A; > 100) by 

C2''/'2^^2-'/^J^-\g,,,Jh. . \\J^-\g,,,,MLi- 
< C2*/^2^'^2-'=/^||^,,,JU. . 2^'-'^'^/^g,.,,az.,^, 

using Lemma 14.11 This suffices for ()7.32j) since 

Pki,n = 1 + 2^i/2-fci. For the 
second term in ()7.33|) we use estimates. Assume first that 

ji < 2ki + 30rf. (7.34) 

Then the second term in ()7.33|) is bounded by 

^2*/22.i^2-^-/2^,,||lz,,,^, ■ {g,,,,*gu,,ML^. 
j 

where the sum is over j > max(0, 2/c — 200) and j < max(2A;2,j2) + C- Since 
(3k J ~ 2-^/^"'^+, using Lemma [5.11 this expression is bounded by 

C2*/22^-i2-'=+[|fc2 - fc+l + (j2 - 2k2)+ + 1] ■ 2~^- ■ p-]^^ 

X i2'"''/^\\gk„n\\z,,)-\\gk„n\\z,^, 

which suffices for ()7.32p (recall that d> 3). 
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Assume now that 

ji > 2ki + 30c/ and |ji - jal < 10. (7.35) 
Then the second term in ()7.33|) is bounded by 

j 

where the sum is over j > max(0, 2k — 200) and j < j2 + C. Since Pk,j ~ 2-'/^"'^+, 
using Lemma f5. II this expression is bounded by 

C2*/22^-^2-^+(|ji - 2k+\ + 1) • 2-^V2 . 

X (2""''/^||5ffc,jJ|z^,J • \\gk2,j2\\zk2^ 

which suffices for (|7.32p . 
Finally, assume that 

ji > 2ki + 30(i and |ji - J2I > 10. (7.36) 
Since 2~^/'^l3k^j ~ 2~^+ for j > 2/c+, the second term in ()7.33|) is bounded by 

C2'k/2^^-2-^+\\gk,,,*gu2,n\\L^ 

< C2'^^l^2^^2-'- . 2-^^/'(3-,y^ . {2'^'^''\\gu,,Az,;) ■ hk^.^W,. 

using Lemma f5. 11 which suffices for ()7.32p . 

Case 7: k^,k2 > lOOd, \ki - k^l < lOd, G Z^,, = e ^ ^ 

{1, . . . Let gk^j^ = fk^ ■ ?7j,(r + l^p), e Z+. Since 2^1/^^^^ ^ji^^^^^.jj^^ < 
C||/fcillzfc , for (j7.3|) it suffices to prove that 

X 2-l'=-^l/^(2*^/^2^-^/2/3,,,J|^,,,,JU.) ■ {2'^''^/'\\0\y'^.). ^ ^ 

Using the definition, we estimate the left-hand side of ()7.37|) by 

C2'>^/^2^^\\vtl{0 ■ V<2k-20i{r + m ■ (r + + ^)-\gk.,n * /S)!!^^ ,^ 
+ C2*/22^-^hg(0 ■r/>2.-20o(r+ leP) ■ {r + \^\' + ^)-\g,,,, * f.^JWz,. 
We estimate the first term in (|7.38|) (which is nontrivial only if A; > 100) by 
C2''/'2^^2-'/'\\J^-\g,,,,)\\,. . \\T~\fZ)\\Ll^- 
< C2*/22^-^2-'=/1^7fc„,JU2 ■2(''-i)^-^/l/,^^||^e,, 

using Lemma 14. 11 This suffices for ()7.37p since 

Pk^,n = 1 + 2-'i/2-fci. For the 
second term in (j7.38j) we use estimates. Assume first that 

ji < 2ki + 30d. (7.39) 
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Then the second term in ()7.38|1 is bounded by 

j 

where the sum is over j > max(0, 2 A; — 200) and j < 2k2 + C. Since Pk,j ~ 2-^/^"'^+, 
using Lemma f5. II this expression is bounded by 

C2'^'^'2^^2-'-[\h - k+\ + 1] ■ 2-'^ . {2''^/'\\gk,,AK) " KIK^ 

which suffices for ()7.H7|1 (recall that d> 3). 
Assume now that 

ji > 2ki + 30d. (7.40) 
Since 2~^^'^Pk,j ~ 2"^^+ for j > 2/c+, the second term in ()7.38j) is bounded by 

C2''/'2^^2-'^\\g,,,,*flU2 

using Lemma Em which suffices for ()7.37jl . 

8. A DYADIC TRILINEAR ESTIMATE 

In this section we prove the following trilinear estimate: 
Lemma 8.1. Ifki,k2,k3,k G Z, fk^ G Zk^, fu^ G Zk^, fk.^ G Z^^, and 

min(A;,A;2,A;3) < A;i + 20, (8.1) 

then 

. 2'^^l^^f\i) ■ (r + + lY' ■ ifk, * * fkMz, 
< ^2-\raMk^MM)-m . ^2'ik,/2^\f,J,^J . (2^^^/^||/,JU,J ■ {2''^/'\\fk,\\z,J, 

(8.2) 



where T-\fk,) G {J^-\fk,), J'-^fk,)} , I = 1,2,3. 

By symmetry, we may assume k2 < k^. We start with the following simple 
geometric observation: if wi, W2 G S"^"^ then there is e G {ei, . . . , e^} such that 

e-wi > 2"^ and |e-W2| > 2~l (8.3) 

To prove this, we may assume Wi ■ W2 > (by possibly replacing W2 with — ^2) 
and take e G {ei, . . . , e^} with |e — {wi + 'u;2)/|'?^i + W2\ \ < 2"-^°° (compare with 

(EHD). 

The bound ()2.17p shows that if A; G Z and 

/ is supported in ^ x M n {(^, r) : ^ ■ e > 2'''^°} for some e G {ei, . . . , bl}, 
then, for any J > 0, 
ll/-%Xr+|er)IU,<C((J-2M-i- + l)-2-'=/^||.F-^[(r+|er + ^)-/]|LM. (8.4) 
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In view of (I2.1U|) . we may assume that for i = 1, 2, 3 
fk^ is supported in J^f x M n {(^, r) : |^ - 1;^! < 2^^^-^°} for some Vi G 4f , (8.5) 
and it suffices to prove that for any v G I^^^ 



.6) 



Assume ki < (in the case ki > k^ the bound (jS.Sj) below still holds, by a 
similar argument). Let wi = v/\v\, W2 = fs/lfs], and fix e as in ()8.3|) . Fix 

J = 2max(A;i,A;2,A;3,0) + 100. (8.7) 

Let 

F{^, r) = r/f (0 • ^o(|^ - ^^1/2'=''°) -(^+1^1^ + ^r' ■ * k * ^3) 

and 

n = (2*^/l/,Ju,j ■ (2*^/l/,,|U,j ■ {2''^/'\\hdz,^). 

Using (j8.4p . Lemma [4.11 and Lemma [4.21 

2fc2+fc3 . 2<ik/2^^^^^^^ _^ |^|2^) . ^11^^^ ^ ^2'=2+^32°'^/2 

x2-'=/^((J-2M+ + l)ll^"'(7fcJIL2.-ll^"'(7fcJllL^-ll^-'(7.3)llL-- (8-8) 

< (^2'^^^^^2*^^2^'^^^ (( J — 2A;_|-)-|_ + l) • 2^*^'^i^^2+fc3)/22-rfmax(fci,fc2,fe3)/2 . -q 

which is dominated by the right-hand side of ()8.6|) , provided that ()8.1|) holds and 
d>3. 

It remains to bound 

2'=^+'=«-2*/2||ry>,+i(r+|eP)-F|U,. (8.9) 

We use the atomic decomposition ()2.16|) for the functions fk^, fk2, and fk^, and 
notice that the expression in ()8.9p is not equal to only if at least one of the 
functions fk^, fk2, or fk^ has modulation (t+|^P) > 2'^^^°. Let J' > J — 10 denote 
the highest of these modulations. Then we estimate 2^=2+^3 . 2^/2 1 1 + 1 ^ 1 2) . 
F\\z^ as in (j8.8|) . Using (j4.5p or (j4.17p for the function with the high modulation, 
the right-hand side of ()8.8|) is multiplied by at most 



which suffices to complete the proof of ()8.6|) . 
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